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Abstract. We develop a general energy method for proving the optimal time decay rates of 
the solutions to the dissipative equations in the whole space. Our method is applied to classical 
examples such as the heat equation, the compressible Navier-Stokes equations and the Boltzmann 
«) ■ equation. In particular, the optimal decay rates of the higher-order spatial derivatives of solutions 

' are obtained. The negative Sobolev norms are shown to be preserved along time evolution and 

, enhance the decay rates. We use a family of scaled energy estimates with minimum derivative 

^ ' counts and interpolations among them without linear decay analysis. 

:^ 

1. Introduction 



< 



The purpose of this paper is to develop a new method to estabhsh the optimal time decay 
rates of the solutions to the Cauchy problem for the compressible Navier-Stokes equations and the 
Boltzmann equation through the pure energy method. Both the two equations can be formulated 
as the perturbed operator form: 

' dtU + 2u = m{u) , . 

U\t=o = Uo, ^'■'> 

where U is the small perturbation of the equilibrium state, £ is the linear operator and ^{U) is the 
^ ' nonlinear term. The linear operator £ is positively definite in some sense, which implies that the 

. solution e^^Ufj of the linearized equation of (jl.ip converges to as t — )• cxd. By the classical spectral 

method, the optimal time decay rates of the linearized equations of the compressible Navier-Stokes 
l/^ ■ equations and the Boltzmann equation are well known. The decay rates are similar to that of the 

heat equation: for 1 < p < 2, 



3 



<C(l + t)-2(i-|)-2 (||t/o||^,+ VlUo ^\,i>0. (1.2 



L2 



L2 

One may then expect that the small solution of the nonlinear equation (jl.ip has the same decay 
rate as the linear one (|1.2p . Many works were denoted to proving the time decay rate for the 
X ; nonhnear system For instance, see [II [21 [3 [13 [la [13 [M [13 [ISl [El [111 |S1 EZ] for the 

^ . compressible Navier-Stokes equations and [21 IH [3 [IS [32l [Ml [Ml [M] for the Boltzmann equation, 

and the references therein. There are two main kinds of method for proving these decay rates among 
those references. One is that under the additional assumption that Uq G with 1 < p < 2 (near 
1), then the optimal decay rate of (jl.lh is proved by combining the linear optimal decay rate (II. 2p of 
spectral analysis and the energy method, cf. [3[l[a[3[l2l[ia[l5l[l6l[IZl[ia[IS[2ll[Ml[2Zl[Ml[M]. 
The other one is to proving the decay rate through the pure energy method, cf. [H [21 [221 [33l [36]. 

It is difficult to show that the norm of the solution can be preserved along time evolution in 
the U'-L?' approach. On the other hand, except ^22j, the existing pure energy method of proving 
the decay rate does not lead to the optimal decay rate for the solution. Motivated by [11], using 
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a negative Sobolev space to replace norm, we combine scaled energy estimates with the 
interpolation between negative and positive Sobolev norms to prove the time decay rate for these 
dissipative equations. To illustrate the main idea of our approach, we first revisit the heat equation 



:i.3) 



dtu - An = in 
u\t=o = Uo, 

Notation 1. In this paper, with an integer £ > stands for the usual any spatial derivatives 
of order £. When £ < or ^ is not a positive integer, stands for defined by ()A.9p . We 
use if'^(R'^),s G M to denote the homogeneous Sobolev spaces on with norm \\-\\^a defined by 
(jA.lOp . and we use H^{M.^) to denote the usual Sobolev spaces with norm \\-\\ffs and L^,! < p < oo 



to denote the usual LP{W'^) spaces with norm ||-||^p. We will employ the notation a < 6 to mean 
that a < Cb for a universal constant C > that only depends on the parameters coming from the 
problem, and the indexes N and s coming from the regularity on the data. We also use Cq for a 
positive constant depending additionally on the initial data. 

Theorem 1.1. If uq €z (M.^) n if^^(M^) with N > be an integer and s > be a real number, 
then for any real number £ G [— s, A^], we have 

Vu{t) 



L2 



<Co(l+t)^ 



Proof. Let —s < £ < N . First, we have the standard energy identity of <\1.2>y . 

ld_ 
2dt 

Integrating the above in time, we obtain 





2 

+ 






L2 





2 

L2 



0. 



(1.4) 



:i.5) 



V^u{t) 



< 



This gives in particular (jl.4p with £ 
to get 



L2 " 

s. Now for 



L2 

s <£< N, 



(1.6) 

by Lemma lA. 41 we interpolate 



L2 



V^n(t) 

Combining (jl.7p and (jl.6p (with £ = 



< V 



u{ty\'+'+^ 



L2 

we obtain 



V'+\it) 



L2 



U0\\l2 



1 

e+s 



l + s 



i+l + s 
L2 



1+ 
L2 



l+a 



Plugging (11. Sp into ()1.5p . we deduce that there exists a constant Cq > such that 



d 
dt 



L2 



Co 



< 0. 



Solving this inequality directly, we obtain 



V^n(t) 



L2 



< 



e+s ^ Cot 
L2 £ + s 



-(e+s) 



<Co(l + t) 



(1.7) 
(1.8) 

(1.9) 

(1.10) 

□ 



Thus we deduce (II. 4p by taking the square root of (|1.10p . 

Remark 1.2. The general optimal L'^ decay rates of the solution follow by (II. 4p and the Sobolev 
interpolation (cf. Lemma \A.l\) . For instance, 

\\umL^<C\\u{t)\\l,\\vMt)\\h<Co{l + t)-(-^+i). (1.11) 

An important feature in Theorem \l.l\ is that the norm of the solution is preserved along time 
evolution. Compared to (|1.2p . the result (jl.4p demonstrates that the H~^(s > 0) norm of initial 
data enhances the decay rate of the solution with the factor s/2. 



DECAY OF DISSIPATIVE EQUATIONS 



3 



Remark 1.3. Although Theorem \l.l\ can he proved by the Fourier analysis or spectral method, the 
same strategy in our proof can be applied to nonlinear system with two essential points in the proof: 
(1) closing the energy estimates at each l-th level (referring to the order of the spatial derivatives of 
the solution); (2) deriving a novel negative Sobolev estimates for nonlinear equations which requires 
s < 3/2 (n/2 for dimension n). 

The rest of this paper is organized as follows. In Section [2l we will state our main results of this 
paper. We will prove the main theorem of the compressible Navier-Stokes equations in Section 3 
and prove the main theorems of the Boltzmann equation in Section 4, respectively. The analytic 
tools used in this paper will be collected in Appendix. We point out here that our method can be 
applied to many dissipative equations in the whole space. For example, the natural extension of 
this paper is to considering the compressible Navier-Stokes equations and the Boltzmann equation 
under the influence of the self-consistent electric field or electromagnetic field, and these will be 
reported in the forthcoming papers. 



2. Main results 

2.1. Main results for compressible Navier-Stokes equations. Considering the compressible 
Navier-Stokes equations 

dtp + div(pu) = 

dtipu) + div(pn n) + Vp{p) - pAu - {p + A)Vdiv'u = (2.1) 
{p,u)\t=o = {po,uo), 

which governs the motion of a compressible viscous fiuid. Here t > and x G M'^. The unknown 
functions p, u represent the density, velocity of the fluid respectively, and the pressure p = p{p) is a 
smooth function in a neighborhood of p with p'{p) > 0, where p is a positive constant. We assume 
that the constant viscosity coefficients p and A satisfy the usual physical conditions 

^>0, X + ^p>0. (2.2) 



The convergence rate of solutions of the Cauchy problem (j2.ip to the steady state has been 
investigated extensively since the first global existence of small solutions in H"^ (classical solutions) 
was proved in [23]. For the initial perturbation small in H"^ n L^, [25] obtained 

\\ip-p,u)mL-<a+tr'^', (2.3) 

and for the small initial perturbation belongs to n W^'^ with m > 4, [27] proved the optimal 
decay rate 

\\V^{p- p,u){t)\\Li <{l + ty^'^^'^)'^\ for 2 <p< oo and < A; < 2. (2.4) 

By the detailed study of the Green function, the optimal L'^, 1 < g < oo decay rates were also 
obtained in \12\ [131 fT9] for the small initial perturbation belongs to n with m > 4. These 
results were extended to the exterior problem [181 [T7] or the half space problem [151 [16] or with an 
external potential force [5], but without the smallness of L^-norm of the initial perturbation. For 
the small initial perturbation belongs to only, by a weighted energy method, [22| showed the 
optimal decay rates 

V\p--p,u){t) <(l + t)-^-/2forfc = i,2, and || (p - p, n)(t)||^^ < (1 + t)-^/^; (2.5) 

While based on a differential inequality, [P, '2] obtained a slower (than the optimal) decay rate for 
the problem in unbounded domains with external force through the pure energy method. 
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We will apply the energy method illustrated in Theorem 11.11 to prove the optimal decay rate 
of the solution to the problem (j2.ip . We rewrite (|2.ip in the perturbation form as 



dtQ + /odivn = —gdYvu — u ■ Vg 
dtu — flAu — (/i + A)Vdivti + 'ypVg 
iQ,u)\t=o = {Qo,uo), 



-u 



Vn - h{g) {fiAu + {p, + A)Vdivn) - f{g)Vg 



(2.6) 

where g = p — p, jjL = (jl/ p, X = X/p, 7 = and the two nonlinear functions of g are defined 

by 



h{g):=^_.ndf{g):^P'^'^~'^ ^'^^^ 



g+p g+p 
Then our main results are stated in the following theorem: 



(2.7) 



Theorem 2.1. Assume that [gQ^uo) G for an integer N > 3. Then there exists a constant 
6o > such that if 



\Qo\ 



+ \\uo\ 



(2i 



then the problem (j2.6p admits a unique global solution {g(t),u(t)) satisfying that for all t>0, 

r-t 

(2-9) 



Jjm + ||'u(t)||jyn 



+ j \\ygir)\\Hrn-i + \\Vu{t)\\]j„^ dr < C (^\\go\\]jr^ + \\uo\\% 
where [y] + 2 < m < A^. // further, go, uq G for some s G [0, 3/2), then for all t > 0, 



\A-'g{t)\\l, + \\A-'u{t)\\l,<Co 



and 



HN- 



+ 



V^n(t) 



< Co(l+t) 



-(l>+s) 



for - s <1<N -I. 



(2.10) 



(2.11) 



Remark 2.2. For N = 3 and s = 0, our decay rates (j2.1ip coincide with (|2.5p of [22]. While for 
the other cases, our results are completely new. Notice that we do not assume that norm of 
initial data is small and this norm enhances the decay rate of the solution to be faster than that 
of [22j. The constraint s < 3/2 comes from applying Lemma \A.6\ to estimate the nonlinear terms 
when doing the negative Sobolev estimates via A~*. For s > 3/2, the nonlinear estimates would not 
work. 

Remark 2.3. Notice that we only assume that the lower order Sobolev norm of initial data is 
small, while the higher order Sobolev norm can be arbitrarily large. Although one may replace the 
range of smallness [^\ + 2 by a smaller number (e.g. 3) by refining the energy estimates, this is 
beyond our primary interest in this paper. 

The proof of Theorem 12.11 will be presented in Section 3, which is inspired by the proof of 
Theorem 11.11 However, we will be not able to close the energy estimates at each ^-th level as the 
heat equation. This is essentially caused by the "degenerate" dissipative structure of the linear 
homogenous system of (12. 6p when using our energy method. More precisely, the linear energy 
identity of the problem reads as: for £ = 0, . . . , A^, 



1 d 



~ I 7\V'g\^ + \V'u\^dx + 



//|VV^n|2 + (/2 + A)| div V'^ul^ dx = 0. 



The constraint (j2.2p implies that there exists a constant (Tq > such that 



/2|VV^up + (/i + A)|divV*ti|^(ix > ctq 



V 



i+1 



u 



2 

L2 



(2.12) 



(2.13) 
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Note that (j2.12p and (j2.13p only give the dissipative estimate for u. To rediscover the dissipative 
estimate for g, we will use the linearized equations of (j2.6p via constructing the interactive energy 
functional between u and Vp to deduce 

d f a (7 , „ ()_Li 2 ^ 2 2 





2 

< 




2 




2 




L2 ~ 




L2 + 




L2 



— / V'u-VV'gdx + C 
dt J^3 

This implies that to get the dissipative estimate for V^^^g it requires us to do the energy estimates 
(j2.12p at both the -^-th and the i + 1-th levels (referring to the order of the spatial derivatives 
of the solution). To get around this obstacle, the idea is to construct some energy functionals 
S^it), [f ] + 2 < m < iV and < ^ < m - 1 (less than m - 1 is restricted by (l2llD ). 

srit)^ E ||[vMt),vVi)] 

l<k<m 



L2 



which has a minimum derivative count 1. We will then close the energy estimates at each ^-th level in 
a weak sense by deriving the Lyapunov-type inequality (cf. (|3.1U2p ) for these energy functionals in 
which the corresponding dissipation (denoted by P^(t)) can be related to the energy £(^{t) similarly 
as (|1.8p by the Sobolev interpolation. This can be easily established for the linear homogeneous 
problem along our analysis, however, for the nonlinear problem (12. 6p . it is much more complicated 
due to the nonlinear estimates. This is the second point of this paper that we will extensively and 
carefully use the Sobolev interpolation of the Gagliardo-Nirenberg inequality between high-order 

and low-order spatial derivatives to bound the nonlinear terms by \J £^^'^^^'^{t)'D^{t) that can be 
absorbed. When deriving the negative Sobolev estimates, we need to restrict that s < 3/2 in order 
to estimate A"'' acting on the nonlinear terms by using the Hardy-Littlewood-Sobolev inequality, 
and also we need to separate the cases that s G (0, 1/2] and s G (1/2, 3/2). Once these estimates are 
obtained. Theorem 12.11 follows by the interpolation between negative and positive Sobolev norms 
similarly as in the proof of Theorem II. 1[ 

2.2. Main results for Boltzmann equation. The dynamics of dilute particles can be described 
by the Boltzmann equation: 

dtF + vV,F = Q{F,F), (2.15) 

with initial data F{0,x,v) = Fo{x,v). Here F = F{t,x,v) > is the number density function of 
the particles at time t > 0, position x = {xi,X2,xs) G M'^ and velocity v = {vi,V2,vs) G M.^. The 
collision between particles is given by the standard Boltzmann collision operator Q{hi,h2) with 
hard-sphere interaction: 



Qihuh2)iv) 



\{u — v) ■ ijj\{hi(v')h2{u') — hi{v)h2{u)} dw du. 



(2.16) 



Here w G S^, and 

v' = V — [{v — u) ■ uj]uj, u = u + [{v — u) ■ uj]uj, (2-17) 

which denote velocities after a collision of particles having velocities v, u before the collision and 
vice versa. 

We denote a normalized global Maxwellian by 



H{v) 

and define the standard perturbation /(t, x, v) to ^ as 

F = fi + ^f. 

The Boltzmann equation for the perturbation / now takes the form 

dtf + vV.f + Lf = r{fj), 



(2.18) 
(2.19) 
(2.20) 



L^(M^;i?J) with norm 
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with initial data f{0,x,v) = /o(x,f). Here the hnearized colhsion operator L is given by 

Lh = -^{Q{^i,^h) + Q{^h,fi)}, (2.21) 

and the nonhnear cohision operator (non-symmetric) is 

r(/ii, /12) = -^Qi^/JIhi, ^h2). (2.22) 

It is well-known that the operator L > 0, and for any fixed {t,x), the null space of L is 

7\A = span{^,v^, . (2.23) 

For any fixed {t, x), we define P as the orthogonal projection on the null space A/". Thus for any 
function f{t,x,v) we can decompose 

/ = P/ + {I-P}/. (2.24) 

Here P/ is called the hydrodynamic part of /, and {I — P}/ is the microscopic part. 
Notation 2. In the context of the Boltzmann equation, we shall use (•, •) to denote the inner 
product in Mj^ with corresponding norm | • I2, while we use (•, •) to denote the inner product 
either in Mi^ x or in M^, with norm || • ||^2 without any ambiguity. We shall simply use L^, 
to denote L^(R^) and L^(M^) respectively, etc. We will use the notation LIH^ to denote the space 

\ 1/2 

]isdv\ , (2.25) 

and similarly we use the notations of L^H^, L'^Lx and L^L'^, etc. For the Boltzmann operator 
()2.16p . we define the collision frequency as 

y{v) = \v — u\fi(u)du, (2.26) 
which behaves like 1 + |f |. We define the weighted norms 

I |2 I 1/2 |2 II ||2 II 1/2 ||2 /r, r,'7^ 

Wlu = W ' 9l2> WqWv = \W ^ aW ■ (2.27) 

We denote by the weighted space with norm || • \y. 

We will apply the energy method illustrated in Theorem 11.11 to prove the 1? optimal decay rate 
of the solution to the problem (j2.20p . Main results are stated in the following theorems. 

Theorem 2.4. Assume that /o G L^^x /'^'^ '^'^ integer N > 3. Then there exists a constant Sq > 
such that if 

E ||vVo||^, <'5o, (2.28) 

0<fc<A' 

then the problem ()2.20p admits a unique global solution f{t,x,v) satisfying that for all t >0, 

E ||VV(*) ' + ril{I-P}/(r)||^+ \W'fir)'dr<C ^ IW'fo'- (2-29) 

0<k<N •^'^ l<k<N 0<k<N 

If further, /o G L^H~^ for some s £ [0, 3/2), then for all t > 0, 

\\A-'f{t)\\^,<Co (2.30) 

and 

E ||v'/(i) ' < Co(l + 1)-(^+^) for - s<i<h (2.31) 



£<k<N 
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and 

Furthermore, if 
then for all t >0, 

and 



{i-p}/(t)iii. <co(i+t 



0<fc<A' 



L2 



< So, 



i<k<N 



llvVW ^<Coil + t)-^'+'^ for -s<i<N-l, 



V'{I - F}f{t) ^ < Co(l + for 



s<e< N -2. 



(2.32) 
(2.33) 

(2.34) 
(2.35) 



Remark 2.5. Notice that similarly to that of the compressible Navier-Stokes equations we do not 
need to assume that L'^H~^ norm of initial data is small and this norm enhances the decay rate 
of the solution. The constraint s < 3/2 also comes from applying Lemma \A.(^ to estimate the 
nonlinear terms when doing the negative Sobolev estimates via A^*. 



The proof of Theorems 12.41 wih be presented in Section 4, which is also inspired by the proof of 
Theorem ll.il However, similarly to the compressible Navier-Stokes equations, we will be not able 
to close the energy estimates at each £-th. level and this is caused by the "degenerate" dissipative 
structure of the linear homogenous system of (j2.20p when using our energy method. More precisely, 
the linear energy identity of the problem reads as: 

^ -'"^ +(LVV,VV)=0. (2.36) 



2dt 



V7 



L2 



It is well-known that L is only positively definite with respect to the microscopic part {I 
that is, there exists a constant uo > such that 

(LVV,VV)>^0 V^{I-P}/" 



P}/, 



(2.37) 



To rediscover the dissipative estimate for the hydrodynamic part P/, we will use the linearized 
equation of (|2.20p via constructing the interactive energy functional Gi between V^/ and \J^^^ f 
to deduce 



dGi 
dt 



+ 



L2 



V^{I-P}/ 



L2 



+ 



v^+Hi-p}/ 



L2 



(2.38) 



This implies that to get the dissipative estimate for V^^^Pf it requires us to do the energy estimates 
(j2.36p at both the i-th and the i + 1-th levels (referring to the order of the spatial derivatives of 
the solution). To get around this obstacle, the idea is to construct some energy functionals ££{t), 
0<i< N -1 (less than iV - 1 is restricted by (g^S])), 

E ||^'/(*) 

e<k<N 



L2 



which has a minimum derivative count of i, and we will derive the Lyapunov-type inequalities 
(cf. (|4.57p and (|4.70p ) for these energy functionals in which the corresponding dissipation (denoted 
by T>(^{t)) can be related to the energy £ii{t) similarly as (|1.8p by the Sobolev interpolation. This 
can be easily established for the linear homogeneous problem along our analysis, however, for the 
nonlinear problem (|2.20p , we shall use extensively the Sobolev interpolation of the the Gagliardo- 
Nirenberg inequality (for the functions defined on Mi^ x Mj^) between high-order and low-order 
spatial derivatives to expect to bound the nonlinear terms by \/ £Q{t)'D(^{t) that can be absorbed. 
But this can not be achieved well at this moment and we will be left with one extra term related 
to a sum of velocity- weighted norms of /, as stated in (I4.57p . Note that when taking £ = 0, 1 in 
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(j4.57p . we can absorb this unpleasant term. While for ^ > 2, we need to assume the weighted 
norm of the initial data. With the help of these weighted norms, we will succeed in removing this 
sum of velocity-weighted norms from the right hand side of (|4.57p to get (j4.70p in which we can 
take I = 2, . . . , N — 1. To estimate the negative Sobolev norm in Lemma 14.51 we need to restrict 
that s < 3/2 when estimating A"'' acting on the nonlinear terms, and we also need to separate 
the cases that s G (0,1/2] and s £ (1/2,3/2). We remark that it is also important that we use 
the Minkowski's integral inequality to exchange the order of integrations in v and x in order to 
estimate the nonlinear terms and that we extensively use the splitting / = P/ + {I — P}/. 

We end this subsection by reviewing some previous related works on the global existence and 
the time decay rates of solutions to the Boltzmann equation. The existence of global solutions 
near Maxwellians has been established in various function spaces, see [3ll |26l ESI El EOj [321 [10] for 
instance. It was also shown in [HI [28l [10] that the solutions in the periodic domain or bounded 
domain decay in time at the exponential rate and in \26\ [32] that the solutions in the whole space 
decay at the optimal algebraic rate of (1 + t)~^^^ if additionally the initial perturbation is small 
in L'^L\. On the other hand, some analogous theorems of global existence and decay rate of the 
solutions to the Boltzmann equation with forces have also been established; see |34[ l33l [6] for the 
Boltzmann equation with external forces, [71 [36l [35l [3] for the Vlasov-Poisson-Boltzmann system 
and [H [30l [T4l [4] for the Vlasov-Maxwell-Boltzmann system. However, among these references the 
optimal decay rates of the solution have been only established under the additional assumption 
that the initial perturbation is small in L1l\. Based on the techniques of using an time differential 
inequality in and the pure energy method, [33j and [36j obtained the convergence rates (but 
slower than the optimal rates) for the Boltzmann equation with external potential force and the 
Vlasov-Poisson-Boltzmann system respectively. 



3. Compressible Navier-Stokes equations 

3.1. Energy estimates. In this subsection, we will derive the a priori nonlinear energy estimates 
for the system (j2.6p . Hence we assume a priori that for sufficiently small 5 > 0, 

||^>(t)||^[^]+, + ||n(t)||^[^]^, <.5. (3.1) 

First of all, by ()3.ip and Sobolev's inequality, we obtain 

p/2< Q + p<2p. (3.2) 

Hence, we immediately have 

\h{Q)l \f{Q)\ < C\q\ and |/i(')(i?)|, |/(')(^>)| < C for any A: > 1. (3.3) 

where h and / are nonlinear functions of g defined by (12. 7p . Next, to estimate the norm of the 
spatial derivatives of h and /, we shall record the following estimate: 

Lemma 3.1. Assume that \\Q\\fj2 < 1. Let g[Q) he a smooth function of g with hounded derivatives, 
then for any integer m > 1 we have 

l|V"^(5(^>))ILoo < \\V"^g\\]!.' \\V^^'(>\\%' ■ (3.4) 
Proof. Notice that for m > 1, 

V™(5(^)) = asumof products '■■■•^"(e)V^V--- V^"^, (3.5) 
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where the functions (^'''i (^3) are some derivatives of g{Q) and 1 < ji < m, i = 1, . . . ,n with 
71 + • • • + 7n = ""T-- We then use the Sobolev interpolation of Lemma lA.ll to bound 

l|V'"(5(^?))ILoc<||V^VIlLoo•••||V^"^>||^^ 

;i \^l|£'lli2 ||V Q\\^2 ■■■\\8\\l2 ||V £111^2 J 

V /^llwS^II^-^i/™ llw^+S^lpi/™ ll^2^||l-7n/m ||^m+2^||7n/m\^/^ 

III II ^IIl2 '''II ^^IIl2 II "IIl2 j 

< iinir^^ llV^nll^/^ IIV™+2n||^/'' 
lli?ll_H-2 II ^ ^'ll l2 II V Q\\j^2 ■ 

Hence, we conclude our lemma since ||£>||j|^2 < 1- 



(3.6) 



□ 



We begin with the first type of energy estimates including p and u themselves. 
Lemma 3.2. Assume that < k < N — 1, then we have 





' <4 




2 

+ 








L2 ~ V 




L2 







(3.7) 



Proof. For A; = 0, multiplying (|2.6P ]^. (j2.6P n by 'yQ,u respectively, summing up and then integrating 
the resulting over by parts, by Holder's and Sobolev's inequalities and the fact (jS.Sp . we obtain 



2di 



7|f3|^ + + / //|Vii|^ + (/i + A)|divii|^ 

7(— ^divti — u ■ \7q)q — (n • Vu + h{g){i2Au + {ft + A)Vdivn) + f{Q)VQ) ■ u dx 



(3.8) 



\u\ 



L6 



By ([2J3]1 . we obtain ([SZD for /c = 0. 

Now for 1 < k < N — 1, applying V'^ to (|2.6P ]^. (j2.6P n and then multiplying the resulting identities 
by Q,\I^u respectively, summing up and integrating over R^, we obtain 



/ i\V^q\^ + \V^u\^dx+ / li\V''+^u\^ + {li + \)\V^d\wu\^ dx 



Jr3 



{u ■ Vu + h{g){flAu + {p. + X)Vdivu) + f{g)Vg) ■ V'^udx 



[ jV''~^{gdivu + u-Vg)V''+^g 
Jr3 



+ V''"^ (n • Vn + h{g){flAu + {fl + A)Vdivn) + f{g)Vg) ■ V^^^udx 
h + h + h + h + h- 



(3.9) 
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We shall estimate each term in the right hand side of (j3.9p . First, for the term Ji, by Holder's 
inequality and the Sobolev interpolation of Lemma lA.ll we have 



Jm.3 ^^TTf^ , 



0<^<A;-1 



< 



< 



o<e<k-i 
o<e<k~i 











L°° 




L2 





L2 



lL2 



1+i 

k + l 





e+1 






fc+i 






L2 





L2 



(3.10) 



The main idea is that we will carefully adjust the index in the right hand side of (jS.lOp so that it 
can be bounded by the right hand side of (j3.7p . This is the crucial point that helps us close our 
energy estimates at each k-th level and avoid imposing the smallness of the whole H'^ norm of 
initial data. To this end, we use Lemma lA. II to do the interpolation 



V'-'-'g 



e+i 

< liv>||^r 



1 ^+1 

^ k+l 
L2 



(3.11) 



where a satisfies 



k-e-1 



3 2 k + l \ 3 2, 



£ + 1 
k + l 



a 



k+l k+l 

< — ■ — < 



N 

y 



(3.12) 



+ 1. 



2{e + i) - 2 

Hence, plugging (I3.11j) into (I3.10p . together with (13. ip and Young's inequality, we obtain 



h< E ^ 

0<^<fc-l 

< 5 ( ||V'=+^ 



V'^+'g 



i+l 

k + l 



L2 



+ 



L2 





t+i 






k + l 






L2 





L2 



L2 



(3.13) 



Similarly, we can bound 



/2=/ jV^~\u-Vg)V^+^gdx 

= 7/ E Ci_,V'-'-'u-V'VgV''+'gdx 



< 



o<e<k-i 







V'+'g 














L2 




L2 



(3.14) 





2 

+ 






L2 
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and 



= 7/ E Ci_,V''-'-'u-V'VuV''+'gdx 



0<^<fc-l 



< 



o<e<k-i 





















L2 




L2 



(3.15) 



L2 



Next, we estimate the term I4. First, we notice that 

h = [ V''-^ {h{Q){llAu + ifL + A)Vdivn)) • V^+^udx 

= / E ci_,v''-'-'hiQ)v'v\v'+\dx 



(3.16) 



0<£<fc-l 
0<£<fc-l 

We shall separate the cases in the summation of (|3.16|) . For ^ = A; — 1, we have 



L2 



< 



L2 



\\KQ)h 









< 6 




2 




L2 




L2 ~ 




L2 



for £ = — 2, by Holder's and Sobolev's inequalities, we have 



V(^(^))V^'u 







L2 





L2 



< \\h'iQ)VQ\\^-s 









< 5 




2 




L6 




L2 ~ 




L2 



(3.17) 



(3.18) 



and for < £ < /c — 3, noticing that — ^ > 3, we may then use Lemma l3.lt together with Lemma 
\KA\ to bound 



V 



fc-i- 



\Ke)) 



< 



< 



21+1 



L2 L2 
fe+1 vy'^+i 



1 



fc+1 
L2 

2^+1 
2(fc+l) 



fc+i-f N 3/4 
fe+i 

L2 



(3.19) 



L2 



Therefore, by (|3.19p and using Lemma lA. II again, we obtain 



V 



< 



21+1 I 







L2 





21+1 

2 

L2 



L2 

L2 



2(fc+i) llya^jl^ 2(FFTy 



1- 
Il2 



L2 

2^+1 





21+1 






2(fc + l) 






L2 





(3.20) 



L2 



< (5 



L2 



+ 
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where we have denoted a by 



£ + 2 = a X ( 1 - I + (fc + 1) X 



a 



2(A; + 1) 
3(A; + 1) ^ 3(fc + 1) ^ 



2(fc-£) + l - 7 
In hght of (|XT7D . (|XT5D and we find 



2(fe + l) 



(3.21) 





2 











+ 1 since k — £ > 3. 



(3.22) 



Finally, it remains to estimate the last term I^. First, we have 

h = [ v^-\f{Q)Ve)-v''^^udx 

Jr» 

o<e<k-i 

We shall separate the cases in the summation of (|3.23|) . For £ = A; — 1, we have 

2 



(3.23) 



L2 



L2 



^ II^IIl3 



L2 



< 5 



L2 



+ 



(3.24) 



For < i < k — 2, similarly as in (j3.19|) - (j3.2ip . by Lemma l3.ll and Lemma lA.H we may bound 







L2 





L2 



2t+l 
< (52(fe+l) 



< 6 



1- 



2(fe+i) iiwa 



L2 



L2 



2f+l 




2«+l 




2(fc + l) 




2(fc + l) 








L2 





L2 



(3.25) 







2 

+ 








L2 





where we have denoted a by 



£+l = ax ( 1- +(fc + l) X + ^ 



a 



2{k-e) 

In light of (|3:2iD and ([325]), we find 

h < S 



2{k + l) 

k+1 k+1 

+ 1 < < 



N 
~2 



2(A: + 1) 
+ 1 since k - £ > 2. 



(3.26) 



( 




2 

+ 








L2 





(3.27) 



Summing up the estimates for h ^ h, i.e., H^THh . H^THh . (|3l3]) . (15:22]) and ([3211), we deduce 
331) for 1< < iV - 1. □ 



Next, we derive the second type of energy estimates excluding p and u themselves. 
Lemma 3.3. Assume that < k < N — 1, then we have 



d 
It 



< 6 



( 




2 

+ 




2 

+ 








L2 




L2 





(3.28) 
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Proof. Let < k < N - 1. Applying V''+^ to (lM])2 and multiplying by -fV^'+^g, V''+^u 

respectively, summing up and then integrating over M'^ by parts, we obtain 
1 d 



2dt 



fc+2„,|2 



ik+l. 



(3.29) 



= / 7V'=+^(-^divn-'u- V^)V'=+^^ 

- V^'+^ {u-Vu + h{g){liAu + (A + A)Vdivu) + f{g)Vg) ■ V^+^udx 

= [ ^V''+\-gdivu-u-Vg)V^+^g 

+ V'' {u-Vu + h{g){flAu + {fl + X)Vdivu) + f{g)Vg) ■ V'^^'^udx 
:= J1 + J2 + J3 + J4 + J5- 
We shall estimate each term in the right hand side of (|3.29p . First, we split Ji as: 

Ji = -7/ V''+\gdivu)V^+^gdx 

= -7 / f^V^'+^div-u + C^+iV^VMivn + Ci^-^^V^ gV'^-^divu 
+ Yl Ci^i^'gV''+'-'db,u)v''+'gdx 

3<e<k+l 
'■= Ju + J12 + Jl3 + Jli- 

Hereafter, it it happens to be the case £ > k + 1, etc., then it means nothing. By Holder's, Sobolev's 
and Cauchy's inequalities, we obtain 

Ju ^ He'll 



(3.30) 









V'^+'g 


<s( 


V'+'g 


2 

+ 








L2 


L2 ~ V 




L2 





L2 



and 



and 



J12 < W^qW 



L3 



LB 



< 



L2 



5( 



L6 



L2 



2 

+ 




2 


L2 




L2 


2 




2 ^ 


+ 






L2 




L2 



(3.31) 
(3.32) 
(3.33) 



While for the last term J14, noting that now A; + 2 — £<A; — 1, by Holder's inequality and Lemma 
lA.H we obtain 



2<£<k+l 
2<e<k+l 

where we have denoted a by 

k-£+2 fa 1 



\\v'g 




^k+2-e^ 




V'^+'g 






L2 




L°° 




L2 



L2 




fc+i 
L2 


2 

+ 

L2 







Q., II + 1 



L2 



1- 



k + 1 



L2 



L2 



(3.34) 



3 2/ /fc + l V 3 2 



2£ - 2 - 



N 
~2 



k + l 
+ 2 since ^ > 3. 



(3.35) 



( 




2 

+ 




2 

+ 










L2 




L2 
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In light of (I33T]1 . (I3:32]l . (l333]l and (fCTD . we find 

Next, for the term J2, we utilize the commutator notation ()A.7p to rewrite it as 

J2 = -7 / V'^+H^ • V^?)V*=+^^d3; 

= -7 / (u-VV''+^Q+[V''+\u]-VQ)v''+^Qdx 
Jm.3 V / 

:= J21 + ^22- 
By integrating by part, we have 



J'. 



21 



7 / n • V- 



7 



2 dx = ^ I divu |V''+^^p 



< IIV 



L2 



L2 



We use the commutator estimate of Lemma lA.3l to bound 



J22 < llVn 



L2 



+ 



< 6 

In light of (|3:38]1 and ([339]) . we find 

J2 <5 





2 

+ 






L2 





2 

L2 



L2 



liv^^ll, 



L2 



( 




2 

+ 








L2 





Now we estimate the term J3. By Holder's inequality and Lemma lA.H we have 

J3= /" {u-Vu)-V^+\dx 
Jr» 



0<i<k 



< 



o<e<k 





















L2 




L2 



< 



a„,\\ fe+2 
"11^2 



0<£<k 



fc+2 II ||l-fc+2 

L2 





e+1 






k + 2 






L2 





L2 



<6 V^+^u 



L2 



where we have denoted a by 

A;-£ /a 1 



+1 fk+2 1 



+ 



a 



3 2y A; + 2 

A; + 2 k + 2 
' 2(^ + 1) - 2 



< 



3 

N' 

T 



2 
+ 2. 



^ X 1 



fc + 2 
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Next, we estimate the term J4, and we do the sphtting 

J4= [ V^' {h{Q) {fiAu + (A + A) Vdiv-u)) • V^'+\ dx 

= / (h{g)V^+\ + ClV{h{Q))V^+\ + Clv\h{g))V''u 

3<e<k 

:= J41 + J42 + Ji3 + Jii- 



The first three terms can be easily bounded by 

^41<||%)IL. 

and 





2 

< 5 






L2 ~ 





2 

L2 









< 5 




2 




L6 




L2 ~ 




L2 



and 













L6 




L2 



< 6 



L2 



+ 



The last term J44 is much more complicated. We shall split it further as follows. 

J44< E / \V\h{gmv''-'+\\\V''+'u\dx 
3<e<k •^'^^ 

/ \V''\h'{g)Vg)\\V' 



^''-'+W\V>'+Wdx 



3<e<k • 



[ i h'{g)V'g + V \v"'{h'{g))V'-"'g]\V''-'+\\\V''+\\dx 



3<£<fc • 
:= J441 + </442- 

Since k — ^ + 2 < k — 1, we may use Holder's inequality and Lemma lA.ll to bound 



•^441 <Y.V 



3<£<k 



\\v'g 














L2 








L2 



< 



fe+i 



3<l<k 



L2 



lL2 



1- 



fc+i 



L2 



L2 



< S { WV^+'g 



+ 

L2 

where we have denoted a by 

k-i+2 fa 1 



L2 



3 2/ /fc+l V 3 2/ V ^+1 



2£ - 2 - 



N 
~2 



+ 2 since ^ > 3. 
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For the term J442, noting that 1 < m < i — 1 < k — 1, we may then use Holder's inequahty, 
Lemma |3. II and Lemma lA.ll to bound 



3<e<k l<m<i-l 





















L2 




L2 



3<e<k l<m<£-l 



X 












L2 





L2 



1/4 
L2 



V 



3/4 
L2 



(3.50) 



To estimate the right hand side of (I3.50p . we divide it into two cases. 
Case 1 : For m=lorm = ^— l,we have 



llv.llK1|v3,||J/^ 



i\ k + l. 
L2 



1/4 
L2 



3/4 
L2 



Kfc+l) II „iil(i-r+T) 



L2 



lL2 



3( e+i\ 

L2 



2^+1 



< 2{fe+l) 



21+1 

2(fe+l) 
L2 



Hence, by (|3.5ip and using Lemma lA.H we have 



(3.51) 





1/4 




3/4 










L2 


L2 




L2 





L2 



o 2t+l 




2^+1 


2£'+l 




1 2f+l 








< S 2{fc + l) 




ii^a^i 


2(fc + l) 

L2 




2(fc+l) 

L2 




L2 


(3.52) 



<5' 



where we have denoted a by 





2 

+ 






L2 





fc - ^ + 2 = a X ^ + (A; + 1) X ( 1 



2(/(; + l) 
3(fc + l) ^ 3(A: + 1) 



< 



< 



y 



2(^ + 1), 
+ 1 since £ > 3. 



2£ + l - 7 

Case 2: For 2 < m < i — 2, noting also that i — m > 2, then we bound 



(3.53) 



1/4 

L2 



3/4 
L2 



,«-2 1/4 

V'^+^g 



fc-i 

L2 



ll- 



V'^+^g 


m \ 




L2 j 



I1-- 



X ( iiv^^r 



lL2 



L2 



1/4 



L2 



f-m 3/4 

L2 



fc-i 

1,2 



(3.54) 
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Hence, by (j3.54p and using Lemma lA. II again, we have 

1/4 



<6^ 



L2 

V"n| 



L2 



lL2 



3/4 










L2 




L2 




L2 



^ k-1 










L2 




L2 





2 

+ 




2 

+ 




^) 




L2 




L2 




i2/ 



where we have denoted a by 

fe-£ + 2 = Q;x 



1 



+ (A: + 1) X 1 



k-l 



^ a = 2. 

Therefore, we deduce from the two cases above that 



( 




2 

+ 




2 

+ 








L2 




L2 





-^442 < 

and this together with p.48p imphes 

J44<'^ 

By the estimates ([3311), dS^Sl), ^Mh and (i338]l . we obtain 



V^+^g 


2 

+ 




2 

+ 






L2 




L2 





( 




2 

+ 




2 

+ 




^) 






L2 




L2 




L2/ 



Finally, it remains to estimate the last term J5. To begin with, we split 

J^= I V''{f{g)Vg)-V''+\dx 

= I {fie)'^''^'Q + ClVifig))V''g+ J] Civ'ifig))V>^-'+'g)-V>^+^udx 

•^^^ 2<£<k 



'■— J5I + J52 + J53- 

The first two terms can be easily bounded by 

^5l<ll/(^?)ll, 









<s( 




2 

+ 




^) 




L2 




L2 ~ I 




L2 







and 



^52 < ||V^>|| 



L3 









<4 




2 

+ 






L6 




L2 ~ V 




L2 
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We now focus on the most delicate term J53. We shall split it further as follows. 

^53 < E / \V'{f{emv'^-'+'g\\V'^^'u\dx 

< / (l/'(f?)V2fp| + |r(^?)Vf?V^|)|V'=-if?||V^ 

JR3 



n| dx 

3<£<fe^^ \ l<m<£-l I 

'■= JbU + -^532 + J^Z'i- 



(3.63) 



By Holder's inequality, Lemma [A. 11 we estimate J531 by 
J531<(||V2£>||^, + ||Vf^||^3||V£>||^e) 



1 

_2_ 

fc+1 



k + 



k + l 
L2 





























L2 







II V £111^2 ||£'|li2 



A- h 



(3.64) 



L2 



L2 



< 5 





2 

+ 




^) 




L2 




L2/ 



Since ^>3, /c — £ + l<A; — 2, we may use Holder's inequality and Lemma lA.ll to bound J532 by 
0^532 ^ 

















L2 








L2 



< ii«ir 



fe+l ll^Ct k + l 
L2 





fe+1 






L2 





L2 



(3.65) 



< S 



L2 



+ 



where we have denoted a by 

A;-£ + l /a 1 



X 



i 



3 2 / fc + 1 l~3 2 / ^ ^ k + l' 



3(fc + l) ^ fc + 1 

a = — < < 

2^ - 2 - 



N' 

y 



(3.66) 



+ 1 since £ > 3. 



For the term J533, noticing that l<m<^ — l<fc — 1, we may then use Holder's inequality, 
Lemma l3. II and Lemma lA.ll to bound 



3<£<fc l<m<^-l 





















L2 




L2 



3<£<fc l<m<^-l 



1/4 
L2 



Y^-m+2 



3/4 
L2 



(3.67) 



X 












L2 





L2 



To estimate the right hand side of (I3.67p . we divide it into two cases. 



DECAY OF DISSIPATIVE EQUATIONS 

Case 1: For m = 1 or m = £ — 1, similarly as in (j3.5ip - (|3.53p . by Lemma lA.ll we have 

IIV7„l|l/4 ||v73„||3/4 



19 





1/4 




3/4 










L2 




L2 




L2 





L2 



n 21+1 
< §^ 2(fe+l) 



2^+1 
L2 



2^+1 



2^+1 
'2(fc + l) 



L2 



yfc+2 



L2 



(3.68) 



<6^ 



where we have denoted a by 



( 




2 

+ 










L2 







fc-^ + l = ax + ^ + (fc + l) X fl + ^ 



2(A; + 1) 

A; + 1 A: + 1 

< < 



y 



2(A; + 1) 
+ 1 since £ > 3. 



(3.69) 



2£ + 1 - 7 

Case 2: For 2 < m < ^ — 2, noting also that ^ — m > 2, as in (j3.54p . we may bound 



l|v>||i//||v-+2,||^// 



1/4 
L2 



3/4 
L2 



k-l 
L2 



(3.70) 



Notice that we may not simply let ||V^^)|| ^ (5 as in (13.550 since it would be out of reach for some 
i. We will adjust the index as follows, by Lemma lA.ll 

k + l 
2{k 
IL2 



L2 



f-1 



< § k-l 2(fc-l) 



1 2_ 

L2 



L2 

2 ^ 2(fc-l) 



k + l 
L2 



L2 



(3.71) 



9 ^ 

< 6^'~ 



k-l 
L2 



Hence, by (|3.7Up ~ (j3.7ip and using Lemma [A. II again, we have 



<6^ 



L2 



( 




2 

+ 








L2 





1/4 
L2 

2 

L2 



3/4 
L2 



^k-i+1^ 







L2 





L2 



L2 



L2 



(3.72) 



where we have denoted a by 



£ ( £ 

- £ + 1 = a X + (A; + 1) X 1 - 

fc — 1 \ fc — 1 

^ a = 2. 

Therefore, we deduce from the two cases above that 



^533 < 5' 

and this together with p.64p and (|3.65p implies 

^53 





2 

+ 




2 




L2 




L2 





2 

+ 






L2 





(3.73) 



(3.74) 



(3.75) 
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By the estimates (|3.6ip . ()3.62p and (|3.75p . we obtain 

Jr. < 5 



( 




2 

+ 




2 

+ 




^) 






L2 




L2 







(3.76) 

Summing up the estimates for Ji ~ J5, i.e., (ISSD, dSSDI), (IMD), ([^3^]) and by (^T^ . 

we deduce for < /c < - 1. □ 



Now, we will use the equations (j2.6p to recover the dissipation estimate for g. 
Lemma 3.4. Assume that < k < N — 1, then we have 



4- / Vu-VVgdx + C 
at 





2 

< 




2 

+ 






L2 ~ 




L2 





2 

L2 



(3.77) 



(3.78) 



Proof. Let < < — 1. Applying V to ()2.6P o and then multiplying by W g, we obtain 

JR3 Jr3 L2 L2 

+ V'' {u-Vu + h{g){flAu+{fl+~X)VdiYu) + f{g)Vg) V''+^g 

L2 

The delicate first term in the right hand side of ()3.78p involves V^dtu, and the key idea is to 
integrate by parts in the t-variable and use the continuity equation. Thus integrating by parts for 
both the t- and x-variables, we obtain 



V''dtu-VV''gdx 

V''u-VV''gdx- 
[ V^u-VV^gdx + p 



d_ 
di 
d 
di 



V'^divn • V'^dtgdx 
2 

L2 



(3.79) 



V divn 



+ / V''divu-V^{gdivu + u-Vg)dx. 

For A: = 0, we easily bound the last term in (|3.79p by 

— / divu • {gdivu + u ■ Vg) dx < 5 ( ||V^||^2 + || Vti||^2 ) . 

For 1<A;<A^ — 1, we integrate by parts to have 

/ V'^divu • V''(£»divu + u • V^) dx = - V'^+^divu • V''"^(£»divu + u • V^) dx. 

Recalling from the derivations of the estimates of Ji and I2 in Lemma 13. 2| we have already proved 
that 

V''-^ {gdivu + u ■ V g) <5(v''+^g + V'=+^n ). (3.82) 

L2 V L2 L2/ 

Thus, in view of p.79p - ()3.82p . together with Cauchy's inequality, we obtain 



(3.80) 
(3.81) 



V''ufVV''gdx 



d 



< _:i / v''u-VV''gdx + C 
dt 





2 

+ 






V'^+'g 




L2 




L2 / 





2 

L2 



(3.83) 



On the other hand, recalling the derivations of the estimates of J3, J4 and J5 in Lemma 13.31 we 
have already proved that 

V'' (u • Vm + h{g){fiAu + {fl + A)VdivM) + f{g)Vg) 



L2 



< S 





+ 




+ 








L2 




L2 







(3.84) 
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Plugging the estimates (j3.83p - ()3.84p into (j3.78p . by Cauchy's inequality, since 5 is small, we then 
obtain (ISTtD . □ 

3.2. Energy evolution of negative Sobolev norms. In this subsection, we will derive the 
evolution of the negative Sobolev norms of the solution. In order to estimate the nonlinear terms, 
we need to restrict ourselves to that s S (0, 3/2). We will establish the following lemma. 

Lemma 3.5. For s € (0, 1/2], we have 

/ 7|A-^£)|2 + |A-^^x|2dx + C||VA-^^x||^, <||V£>,Vn||^i(||A-^^>||^2 + ||A-^n||^2); (3.85) 
at J^3 

and for s £ {1/2,3/2), we have 

4 I 7|A-"£»|2 + |A-'n|2da; + C||VA-'n||% 

dtjRS (3.86) 
< 11(^^,^)111;'/' \\{Vg,Vu)\\]/t' iW^-'Qh. + ■ 

Proof. Applying A^* to ()2.6P ]^. (|2.6P a and multiplying the resulting by ^A^^ g, A'^^u respectively, 
summing up and then integrating over M'^ by parts, we obtain 

~[ 7|A"'*£)|2 + |A~%|2(ix+ / ^|VA"^7ip + (// + A)|divA~^tipdx 
2 at J^3 J^3 

= j ^jA-%-Qdivu-u-VQ)A-''Q (3 87) 

- A~* (n • Vn + h{0){flAu + (/2 + A)Vdivti) + f{Q)VQ) ■ A'^udx 
:= Wi + W2 + W3 + Wi + W5. 

We now restrict the value of s in order to estimate the nonlinear terms in the right hand side of 
([3:8711 . If s G (0, 1/2], then 1/2 + s/3 < 1 and 3/s > 6. Then using the estimate (|Al4]l of Riesz 
potential in Lemma lA.61 and the Sobolev interpolation of Lemma lA. 11 together with Holder's and 
Young's inequalities, we obtain 



Wi = -7 / A ''(£»divti)A ''Qdx<\\A ^(^divti)|L2 ||A 
Jr3 



L2 



(3.88) 



< ||^divn||^_i_^ ||A "^11^2 < 11^11^3/. ||Vu||^2 ||A 'q\\^^ 
<\\VgC-'\\V'g\\'^,'^'\\Vu\\,.\\A-^gy 

<(l|V^^|li. + ||v2^,||^2 + l|V^|li.)||A-«^.||^2. 

Similarly, we can bound the remaining terms by 

W2 = -7^^ A-'{n ■ VQ)A-'0dx < (llVnlli^ + + WVqWI^) \\A-'q\\^2 , (3.89) 

W3 = - [ A-' (n • Vn) • A'^udx < (||Vu||^2 + HV^njl^^a) ||A"'n|| 2 , (3.90) 

W4 = - A"'* {h{g) {fiAu + (/u + A) Vdivu)) A'^u dx 

J^' (3.91) 



W5 = - j^^A~^f{0)V0)-A-'udx<(^\\VQ\\l2 + \\V^Q\\l,) \\A-'u\\^,. (3.92) 
Hence, plugging the estimates (f3:88]) - (|3:92|) into ([MZI), we deduce ([SlSS]) . 
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Now if s G (1/2, 3/2), we shall estimate the right hand side of (j3.87p . i.e., Wi ~ W5 in a different 
way. Since s £ (1/2,3/2), we have that 1/2 + s/3 < 1 and 2 < 3/s < 6. Then using the (different) 
Sobolev interpolation, we have 



-7 / A ''(£)divu)A ''gdx< 

I iiS-1/2 ||3/2-s ||„ II II . -s II 

-7 / A-'{u-VQ)A~'0dx<\\u\\'^, 
- [ (u-Vu) ■ A-'udx < \\u 
W4 = - / A""" (h{Q){fiAu + {fl + A)Vdivn)) A^^udx 



A-'q\ 



L2 



W2 



s-1/2 ||„ ||3/2-s ||„ II \\ K-s I 
'|Vn||^2 II V£'||j;^2 ||A q\ 



L2 



^2^''^ ||Vti||^(^ ||Vn||^2 ||A '*'u||^2 



(3.93) 

(3.94) 
(3.95) 

(3.96) 

(3.97) 

Hence, plugging the estimates ^^~^M^ into (pISTD . we deduce □ 

3.3. Proof of Theorem 12.11 In this subsection, we shall combine all the energy estimates that 
we have derived in the previous two subsections to prove Theorem 12.11 

We first close the energy estimates at each ^-th level in our weaker sense. Let > 3 and 
< ^ < m — 1 with + 2 < m < A^. Summing up the estimates (j3.7p of Lemma 13.21 for from 
/c = £ to m — 1, and then adding the resulting estimates with the estimates (|3.28p of Lemma 
for k = m — \, by changing the index and since 5 is small, we obtain 



^ II ||S-l/2 ||„ ||3/2- 



|V\||^2 ||A '''"11^2 



^-'{f{QWQ)-^-'udx<\\Qr-, 



1/2 



|V^| 



|J/2'"^||V£>||^2||A-^^,||^2 



d_ 
di 



E 

e<k<m 



7 





2 

+ 






L2 





L2 



£+l<fc<m+l 



< C25 Yl 

i+l<k<-m 



2 

L2 



Summing up the estimates (j3.77p of Lemma 13.41 for from k = i to m — 1, we have 



^ y f V^u-VV''gdx + Cs y \\v^g 



L2 



< C4 



E 



2 

L2 



(3.98) 



(3.99) 



£+l<fc<m+l 

Multiplying (j3.99p by 2C25/C^, adding it with (j3.98p . since 5 > is small, we deduce that there 
exists a constant C5 > such that for < ^ < m — 1, 



E 

l<k<m 



L2 



+ 



2 \ 2Ci6 



e+l<k<m 



L2 



+ 



E 



'l<fc<m+l 




V / V^u-VV''gdx 



(3.100) 



< 0. 



Next, we define <f™(t) to be ^ times the expression under the time derivative in (j3.100p . 
Observe that since 5 is small £^{t) is equivalent to || V^£>(t) + ||V^ti(t)||^„_^, that is, there 



exists a constant Cr > such that for < ^ < m — 1, 



V'git) 



+ 



<£rit)<Ce y'g{t) 



Then we may write (j3.100p as that for < ^ < m — 1 

d_ 
dt 



cm 



+ 




2 

+ 








lira — I— \ 





< 0. 



(3.101) 
(3.102) 
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Proof of (j2.9p . Taking £ = and m = [^] + 2 in (|3.102p . and then integrating directly in time, in 
light of (j3.10ip . we obtain 

/ N (3.103) 

< Ci (^||£io||^[4j+2 + II^o||^[4j+2^ 



By a standard continuity argument, this closes the a priori estimates p.ip if we assume H^^oll rJv, , 2 + 



^oll ['^]+2 — <^o is sufficiently small. This in turn allows us to take i = and [-2-] + 2 < m < in 



p.l02p . and then integrate it directly in time, to obtain 

ft 



l|V^>(r)|| 







\Vu{t) 



dr <Cl \ WQaWnm + 11^0 



This proves (j2.9p . 



(3.104) 

□ 



Now we turn to prove (j2.10p - (|2.1ip . However, we are not able to prove them for all s € [0,3/2) 
at this moment. We shall first prove them for s G [0, 1/2]. 

Proof of (j2.10p - (|2.1ip for s € [0, 1/2] . We define £-s{t) to be the expression under the time deriva- 
tive in the estimates (|3.85p ~ (j3.86p of Lemma [331 which is equivalent to ||A~*£)(f)||^2 + ||A~''n(t)||^2. 
Then, integrating in time (j3.85p . by (j2.9p . we obtain that for s £ (0, 1/2], 



£-s{t)<£-s{0)+C f \\V0{T),Vu{T)\\l^y^£Z(^dT 

Jo 

<Co(l+ sup V£-s{r)] . 

V 0<T<t J 

This implies (f2T0]l for s G [0, 1/2], that is, 

||A^'^(0||i2 + ||A~'n(t)||j2 < C'o for s G [0,1/2]. 
If ^ = 1, . . . , — 1, we may use Lemma lA.4l to have 



By this fact and (|3.106p . we may find 



L2 



>C\tv-'f\ 



1 



+ 



L2 



L2 



L2 



+ 



L2 



L2 



1+7 



This together with (j2.9p implies in particular that for £=1,...,A^ — 1, 



+ 



+ 



1+ 



(3.105) 

(3.106) 
(3.107) 

(3.108) 
(3.109) 



In view of ()3.10ip and ()3.109p . we then deduce from ()3.102p with m = N the following time 
differential inequality 



j^£^ + Co {S^f^^^ < for ^ = 1, ... ,7V - 1. 
Solving this inequality directly gives, together with (I3.104p . 

£i{t) < Co(l + t)-(^+^) for ^ = 1, . . . , - 1. 
Consequently, in view of (|3.10ip . we obtain from (j3.11ip that for s G [0, 1/2], 



+ 



V^n(t) 



< Co(l + t)-(^+') for £ = 1, . . . , TV - 1. 



(3.110) 
(3.111) 
(3.112) 
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Thus, by (13.1121) . i^M) and the interpolation, we deduce (l2lT]l for s E [0, 1/2]. □ 

Proof of ([2J0]l - (f2lT]) for s G (1/2,3/2). Notice that the arguments for the case s £ [0,1/2] can 
not be apphed to this case. However, observing that we have go, uq € H~^^'^ since H~^r\L^ C H^^ 
for any s' S [0,,s], we then deduce from what we have proved for (j2.10p and (j2.1ip with s = 1/2 
that the fohowing decay result holds: 



+ 



H'' 



< Co(l + t)-(^+i/2) for - i < ^ < AT _ 1. 



(3.113) 



(3.114) 



Hence, by (|3TT3]l . we deduce from (ITOD that for s £ (1/2,3/2), 

S.sit) < S^siO) + C j'^ (||(^>,n)||^-^^/' \\{yQ,yu)\\%l-') ^/sIJ^dT 

<Co + Co Al + r)-(7/4-^/2)dr sup ^^£UT) 

Jo 0<T<t 

<Co(l + sup V£-s{r)] ■ 

V 0<T<t J 

This implies (|2J0]) for s G (1/2,3/2), that is, 

||A~"^(t)||^2 + ||A~"u(t)||^2 < Co for s G (1/2,3/2). (3.115) 

Now that we have proved (|3.115p . we may repeat the arguments leading to (j2.1ip for s S 
(1/2, 3/2) to prove that it holds for s € (1/2, 3/2). This completes the proof of Theorem 12. 1[ □ 

4. BOLTZMANN EQUATION 

4.1. Energy estimates. In this subsection, we will derive the a priori nonlinear energy estimates 
for the equation ()2.20p . We first derive the following standard energy estimates: 



Lemma 4.1. Let k = 0, . . . , N , then we have 



d_ 
It 



L2 



+ -70 



v^{i-p}/ < V Illvi^^i/blV^-i^^i/i, 

|7i|<fe 



2 

L2 



(4.1) 



Proof. Applying d'^ with I7I = /c, < /c < to ()2.20p . multiplying the resulting identity by d'^ f 
and then integrating over x 1^5^, we obtain 



(4.2) 



The estimate (|A.19P of Lemma IA.8I implies 

{Ld''f,dy)>aoW{I-P}f\\l. (4.3) 

On the other hand, by the collision invariant property, the estimate ()A.22p (with rj = 1/2) of 
Lemma lA.91 and symmetry, together with Cauchy's inequality, we obtain 

(9^r(/,/),5^/) = c7(r(a^-^v,9^V),5^{i-P}/) 

71 <7 



< C ^ |z.-l/2p(Q7-7i/^57iJ)|2|i.V2Q7{I_p}/|2 



71 <7 



<cV / |a^vi2|5^-^VI.|5^{i-P}/l.dx 



(4.4) 



<c |||vi^^i/|2|v 



*:-|7l 



|7l|<fc 



^, + yl|5^{I-P}/ll 
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Hence, by the estimates (ji3]) - (f01) . we deduce (fiTT]) from (fOj) . 
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□ 



Next, notice that the dissipation estimate in (j4.ip is degenerate, and it only controls the micro- 
scopic part {I — P}/. Hence, in order to get the full dissipation estimate we shall use the equation 
(j2.2Up to estimate the hydrodynamic part P/ in terms of the microscopic part. 

Lemma 4.2. Let N > 3. If \\f{t)\\i2HN ^ S, then we have that for k = 0, . . . , N — 1, there exists 
a constant Ci > such that 



dGk 
dt 



+ 



L2 



<Ci 



Here Gk{t) is defined by (j4.9p with the property 



\G,\ < 



L2 



+ 



L2 



^{I-P}/ + V'^+^jl-P}/ 



L2 



L2 



Proof. We represent P/ as 



P/ = {a(t, x) + b{t, x)-v + c{t, x)\v\'^} 



(4.5) 



(4.6) 



(4.7) 



Then for each k = 0, . . . ,N — 1, it follows from Lemma 6.1 of [lOj that there exists a constant C > 
such that 



L2 - 



L2 



^{I-P}/ + V'^+Hl-P}/ 



L2 



+ c 



v'=r(/,/),c 



where Gk{t) is defined as 

Gk{t) = E / i^il - P}^''/' Ca> • V.^-^a + {I - P}a^/, Cii) • d.dUi} dx 

7|=fc 



L2' 

(4i 



(4.9) 



7|=fc 

and C, C,a{v), C,ij{v), and Cc(i') are some fixed linear combinations of the basis 

[^,Vi^,ViVj^,Vi\v\'^^], 1 < j < 3. 

The proof of (j4.8p is based on the use of the local conservation laws and macroscopic equations 
which are derived from the so called macro-micro decomposition. 

We now estimate the nonlinear term in the right hand side of (14. Sh . By the estimate (IA.2ip of 
Lemma lA.91 and the fact that C, decays exponentially in f, we have 



v^T{fj)x) < E E IKr(5^'/'^^"''v)>c)||i2< E ||ivi^^i/i2iv^-i^ii/i2 



|7|=A: 7i<7 



|7i|<fc 



2 

L2 



(4.10) 

By Holder's inequality, Minkowski's integral inequality ()A.16P of Lemma I A. 71 the Sobolev interpo- 
lation of Lemma IA.2I and Young's inequality, we obtain 



L2 



< 



1- 



l7ll + l 



< 11/112. 



l7ll+l 
L2 



l7ll + l 

|V-/||J+^ 



7ll+l 



LlLl 



fe+i 



(4.11) 



L2 



< 6 



L2 
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Here we have denoted a by 
1 A;-|7i| 



3 

a - 



1 a\ |7i| + 1 

X h 

2 3 / A: + 1 



k+1 k+1 N 
2(|7i| + l) " " ^' 



1 /c + l 



X 1 



l7i| + 1 
A; + 1 



Hence, we have 



v'^r(/,/),c 



L2 



L2 



Plugging the estimates ()4.13p into (j4.8p . since 5 is small, we obtain (j4.5p . 



(4.12) 



(4.13) 

□ 



To conclude our energy estimates, we turn to the nonlinear term in the right hand side of (j4.ip . 
We shall derive the following two sets of nonlinear estimates, depending on whether we assume the 
weighted norm of initial data. 

Lemma 4.3. Let N >3. If \\fit)\\j^2HN < 5, then for k = 0,...,N -1, we have 



|7l|<fc 

and for k = N , we have 



L2 



<6' 



L2 



+ ||v'{i-p}/ 



(4.14) 



E |||Vl^^l/|2|V^"l^il/|.[^<<52 I ||v^/||^,+ ||V'{I-P}/ 
bi\<N 



i<e<N 

Proof. We first use the splitting / = P/ + {I — P}/ to have 



(4.15) 



L2 



L2 



+ 



|VlT^I/|2|V'=-|^i|{I-P}/U 



:= Jii + Ji2. 

For the term Jn, if A; = 0, . . . , — 1, it has been already bounded in ()4.1ip as 



Jii <6 



L2 



L2 (4.16) 



(4.17) 



while for = A^, by the symmetry, we may assume |7i| < ^ to obtain, by Lemma I A . 71 and Lemma 



^11 < 



VlTil/ 



V 



Af-|7i 



L2 



V 



L2 



1-^ 
L2 



< liv"/|| 

< ^||v^/| 

where we have denoted a by 

l7i| _ 
3 



|V /IL2 



L2 



1 a 

2 ~ 3 

3Ar 



X 1 



N \2 3 N 



(4.18) 



(4.19) 



< 3 since |7i| < N/2. 



m-hi\) 

Now for the term J12, note that we can only bound the z^- weighted factor by the dissipation, 
so we can not pursue as before to adjust the index. Notice that {I — P}/ is always part of the 
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dissipation. If |7i| <k — 2 (if /c — 2 < 0, then it's nothing in this case, etc.) and hence A: — |7i| > 2, 
then we bound 

Ji2< Vl^il/ ^ V^-\^^\{l-V}f <5 V ||V^{I-P}/ ; (4.20) 

^ f 2<1<N 

and if |7i| > A; — 1 and hence A; — |7i| < 1, then we bound, by Sobolev's inequahty, 

< 



Ji2 < Vl^il/ ^ |V^-l^il{I-P}/U 

II \\L^ 



<5 ^ ||V^{I-P}/ 

i<e<3 

Hence, we have that for k = 



y|7i|^ zyV2vfe-|7i||I_p|/' 



,...,iV, 



(4.21) 



(4.22) 



i<e<N 

Consequently, in hght of the estimates (jHTD, and (j02]) . we then get (jiH]) - (|iJ5|) . □ 

Lemma 4.4. Lei iV > 3. // \\f{t)\\L2HN + ||/(t)L ^ ^' then for k = 0,...,N -1, we have 



E |||Vl^^l/|2|V^-l^^l/U 

|7l|<fc 

and for k = N , we have 



L2 



<5^ 



L2 



+ 



v^i-P}/ 



hi\<N 



(4.23) 



(4.24) 



Proof. Clearly, we only need to revise the estimates of the term J12 defined in (j4.16p . Note that 
now we can also bound the z/-weighted factor by the energy, so we can pursue to adjust the index. 
For = 0, . . . , — 1, if I71I =0, then we have 



^^{I-P}/ 



< & 



J12 < \\j Wl^lI 
if I71I ^ li then by Lemma I A . 71 and Lemma lA. 21 we have 
^12 < 



V''{I - P}/ 



(4.25) 



< 



< 



l|V"/|| 



1 I71I-1 

k 

L2 



l7l|-l 



L2 



l7ll-l 



i-p}/||, ^ V^ii-P}/ 



l7l|-l 



(4.26) 



< 5 



L2 



+ 



V''{I - P}/ 



where we have denoted a by 
3 3 



1 hi\_fi I71I-1 

2 3 / V /c 



^^§^-(17.1-1) a+i< 

»:-(l7l|-l) " 2 - 



iV + 1 



Hence, we have that for A; = 0, . . . , — 1 

Jl2<6 

This together with (l4T7l) implies (j423]). 



^k+ij 



L2 



+ 



V^ii-P}/ 



(4.27) 



(4.28) 
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Now for k = N, if |7i| > — 1, by Lemma I A. 71 and Lemma lA.21 we estimate 



Jl2 < 



VlTil/ z.l/2vAf-|7i|{I_p}J 



L2 



< 



L2 



< liv°/||^, 



Il2 



V^{I-P}/ 



^l/2yiV-|7i|{i_p}j 

2|7l|-3 



|1- 



2JV 



(4.29) 



^'^(l|v^/IL2 + ||v^{i-p}/||j 

where we have denoted a by 



I7i| 



a X 1 



2|7i| 



2A^ 
3A^ 



2N 



(4.30) 



a 



< N: 



2{N-\ji\) + 3 

and if |7i| < -/V — 2, by again Lemma I A. 71 and Lemma lA.21 we estimate 



Jl2 < 



Vl7i| f 



V^-ItiI{I-P}/ 



< 



vItiI y 



V^-l7il{i_p}/ 



hi I iV-|71 

[I-Pj/ll.'- ||V^{I-P}/||^ ^ 

^'^(l|v'^/IL2 + l|v'^{i-p}/||J, 

where we have denoted a by 

2 

3iV 



(4.31) 



171 1 
3 



3 / iV V 2 



X 1 



Til 
N 



, , 

Q = — ; — < Since 7i < A* 

2(Ar- |7i|) - 4 ' - 



Hence, we have that for k = N, 

Ji2<S{\\V^f\\^, + \\V''{I-P}f\ 
This together with (|i38]) imphes (jiTM]) . 



(4.32) 



(4.33) 

□ 



4.2. Energy evolution of of negative Sobolev norms. In this subsection, we will derive the 
evolution of the negative Sobolev norms of the solution. In order to estimate the nonlinear terms, 
we need to restrict ourselves to that s £ (0, 3/2). We will establish the following lemma. 



Lemma 4.5. For s G (0, 1/2], we have 



|||A-/||^,+ao||A-{I-P}/||;< 



P}/f. + l|v/|li2 + ||v2/||'.; 



and for s G (1/2,3/2), we have 



^ "A-^f\\l,+ao\\A-^{I-P}f\\l< 



dt 



[I-PI/II. + II/II 



L2+^ iiv/iii^^^ 



(4.34) 



(4.35) 



Proof. Applying A ^ to ()2.20p . and then taking the inner product with A f , together with the 
collision invariant property and Cauchy's inequality, we have 

\jt \\^"f\\\^ + ^0 II A-^{I - P}/||' < (A-r(/, /), A-{I - P}/) 



< c 



k-^[v-2T{fJ) 



+ — ||A-^{I-P}/ 



(4.36) 



To estimate the right hand side of (j4.36p . since < s < 3/2, we let 1 < p < 2 to be with 
1/2 + s/3 = 1/p. By the estimate (IA.14P of Riesz potential in Lemma lA.61 Minkowski's integral 
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inequality ()A.16P of Lemma IA.71 and the estimate ()A.22p (with rj = 1 /2) of Lemma IA.91 together 
with Holder's inequality, we obtain 

2 



A-^ [u-2T{f,f) 



L2 



< 



< 



A-« [u~2T{f,f) 



< 



< 



III/I2I/I 



(4.37) 



< 



(||{I-P}/t + 11/11^.). 



We bound the first term in ()4.37p as, since 3/s > 2, by Sobolev's inequality. 



[i-P}/IL< 



[I-P}f\l<S\\{I-P}ft. 



(4.38) 



While for the other term in (|4.37p . we shall separate the estimates according the value of s. If 
< s < 1/2, then 3/s > 6, we use the Sobolev interpolation and Young's inequality to have 



i2<||v/||^r/'||vV||^. 



l-s/2 



<'5(||v/||^. + ||v2/|L2); 



(4.39) 



and if s G (1/2,3/2), then 2 < 3/s < 6, we use the (different) Sobolev interpolation and Holder's 
inequality to have 



L2 ^ 



.-1/2 ||^^||3/2- 



L2 



lL2 



L2 



.+l/2||^^||3/2-s 



L2 



lL2 



(4.40) 



Consequently, in light of (H^ZD-dHQ]), we deduce from (OHD that (Oil) holds for s £ (0, 1/2] 
and that holds for s G (1/2,3/2). □ 

4.3. Energy evolution of the microscopic part {I — P}/. In this subsection, we will derive 
the energy evolution of the weighted norm of the microscopic part. With the help of this weighted 
norm, we can prove a further estimates of the microscopic part which allows us to prove the faster 
decay of it. The following lemma provides the energy evolution for {I — P}/. 



Lemma 4.6. // ||/(t)||/^2j:^iv < 6, then we have 



d 



[I-P}/||i.+ao||{I 



P}/ll'<l|V/||i.. 



and 



d_ 

di 



p}f\\l + \ iiKi - p}/iii2 < iiv/iii. + ii{i - p}/ii^ . 



(4.41) 



(4.42) 



Proof. We only prove (|4.42p . but the proof of ()4.4ip is similar. Applying the projection {I — P} to 
(12201), we obtain 

dt{l -V]f + v V,{I - P}/ + L{1 - P}/ = r(/, f)-v V,P/ + V{v ■ VJ). (4.43) 
Taking the inner product of (j4.43p with — P}/, we have 

i|ii{i-p)/ii;+(^L{i-p}/.{i-p}/) 

= (r(/, /), ^{i - p}/) + (-V ■ v,p/ + P(» ^ V,/), f{i - p)/). 

The estimate ()A.20p of Lemma IA.8I implies 

(^L{I - P}/, {I - P}/) > i ||^{I - P}/||i. - C\\{I - P}f\\l. (4.45) 
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While we use Holder's inequality, the estimate ()A.22p (with r/ = 0) of Lemma IA.9I and Sobolev's 
inequality to bound 



(r(/, /), - p}/) <c [ wmmHi - p}/i2 dx 

<C [ MI - P}/|2 + IP/I2} \f\2Hl - P}/k 

Jm 



dx 



(4.46) 



< C Wfh^Li IIKI - P}f\\h + WfhlLi ll/llL|Lg IIKI - P}/|Il^ 

<C6{\W{I-P}f\\l, + \\Vf\\l,), 

On the other hand, by the direct computation we can bound the last two terms in (j4.44p by 

i-v ■ V,P/ + P{v ■ VJ),u{I - P}/) < C II V/lli. + ^ - P}f\\l, . (4.47) 

Hence, plugging (|4.45p - (|4.47p into (|4.44p . since 6 is smaU, we obtain (|4.42p . □ 

By (j4.42p . we know that if ||/o||^ is small, then ||/(t)||j^ is small. With the help of this weighted 
bound, we can prove the following energy evolution for V^{I - P}/, A; = 1, . . . , iV - 2. 

Lemma 4.7. // ||/(t)||i2j^iv + ||/(t)||i2 <S, then for k = 0, . . . , N - 2, we have 



d_ 

Ik 



V'{I-P}/ 



L2 



V'{I-P}/ 



< 



L2 



(4.48) 



Proof. Applying with = 0, . . . , — 2 to (j4.43p and then taking the inner product with 
V^jl - P}/, we have 



1 d 
2di 



V^I-P}/ 



L2 



V'{I-P}f 



< (v'Tif, f),V'{I - P}/) + [-V ■ V.V'Pf + P(^; • V.VV), ^={1 - P}/) 
By the estimate ()4.23p of Lemma 14.41 we may bound 



v'=r(/,/),v'={i-p}/ <CT 



L2 



V'il-Pjf 



By the direct computation we can bound the last two terms in (j4.49p by 



-V ■ V^V'^P/ + P{v ■ V,VV), V^{I -P}f)<C 



L2 



V^{I-P}/ 



2 

L2 



Hence, plugging (li30]) ~ (li3T]) into (j09]l . we obtain (OHI) . 



(4.49) 

(4.50) 

(4.51) 

□ 



4.4. Proof of Theorems 12.41 In this subsection, we will combine all the energy estimates that 
we have derived in the previous three subsections to prove Theorem 12.41 
We let > 3 and then assume the a priori estimates 



wfm 



< 5. 



(4.52) 



Let < ^ < A^ — 1. For from k = i to N — 1 we bound the righthand side of (j4.ip of Lemma |4. II by 
the estimate (|4.14p of Lemma 14.31 and then sum up the resulting estimates, by changing the index, 
we obtain 



di 



e<k<N-l 



<C5' 



e<k<N-l 

2 



(4.53) 



E r'^'f ^2+ E IrHi-p}/ 



,l<k<N-l 



l<k<N 
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For k = N we bound the righthand side of ()4.1|) of Lemma 14.11 by the estimates (j4.15p of Lemma 
4.31 and then add the resulting estimate with (j4.53p . by changing the index, to deduce that there 
exist constants C2 , C3 > such that 



d 



i<k<N 



£<k<N 
2 



(4.54) 



<e+l<k<N 



l<fc<Af 



On the other hand, we sum up the estimates ()4.5p of Lemma 14.21 from k = i to N — 1, hy changing 
the index, to obtain 



d 



E<k<N-l 



e+l<k<N 



e<k<N 



2 

L2 



(4.55) 



Then, multiplying (14.55^ by a small number /? > and then adding the resulting inequality with 
(|4.54p . we obtain 



,i<k<N 



i<k<N-l 



+ (C2-Ci/3) ^ ||V'={I-P}/ ^ + ^ ||V^P/ 

e<k<N " e+l<k<N 



2 

L2 



(4.56) 



3" I E E ||v'{i-p}/ 

^+l<fc<7V l<fc<Af 



We define £i{t) to be the expression under the time derivative in (j4.56p . We may now take f3 to 
be sufficiently small so that (C2 — Ci/3) > and that £e(t) is equivalent to 11 V^/(t) 11 ^ 2 rriv-< due to 
the fact (j4.6p . On the other hand, since f3 is fixed and 5 is small, we can then absorb the first term 
in the right hand side of (I4.56[) to have that for some constant C4 > 0, by adjusting the constant 
in the definition of £e{t), 



l+l<k<N ^ l<k<N 



(4.57) 



Proof of (j2.29p . We take ^ = in (j4.57p . Noticing that in this case, we can absorb the right hand 
side of (|4.57p . so we have, by adjusting the constant in the definition of £-o{t)^ 



d 



-£:o + ||{i-P}/||^+ V'f 



< 0. 



(4.58) 



l<fc<Af 



Integrating (|4.58p directly in time, we deduce (j2.29p . Hence, if we assume (j2.28p for a sufficiently 
small 5q, then a standard continuity argument closes the a priori estimates (j4.52p and thus we 
conclude the global solution with the uniform bound ()2.29p . □ 



Now we turn to prove (I2.30p -( r2.3ip . However, we are not able to prove them for all s at this 
moment. We shall first prove them for s G [0, 1/2]. 
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Proof of (|2.30p - (|2.3ip for s G [0, 1/2]. First, integrating in time the estimate ()4.34p of Lemma B31 
by the bound (|2:29|) . we obtain that for s G (0, 1/2], 

||A-V(i)||i. < ||A-7o||i. + (||{I - P}fiT)\\l + ||V/(r)||i. + ||vV(r)||^.) dr < Co- 

(4.59) 

This together with (|2:29D gives (|230]) for s G [0, 1/2]. 

Next, we take £ = 1 in (j4.57p . Noticing that in this case we can also absorb the right hand side 
of (|4.57p . so we have, by adjusting the constant in the definition of £i{t), 

|£:i + ||v{i-P}/||^+ Yl (4.60) 

2<k<N 

Recalling that the energy functional £i(t) is equivalent to \\^ f(t)\\'l2ijN-i, so there is one excep- 

tional term ||VP/(t)||^2 that can not be bounded by the corresponding dissipation in ()4.60p . The 
key point is to interpolate by Lemma lA. 51 as 

IIVP/IL. < ||V/||^. < \\v'f\\]p \\A-'f\\]f . (4.61) 
This yields that for some C5 > 0, 

IIVVIL^ > C5 ||V/||^t^ ||A-7||^2^ ■ (4.62) 
Thus, by the bound (j2.30p . then we have that there exists Co > so that 

\\y'fy>Co\\VfC^. (4.63) 
Hence, by (j4.63p and the trivial inequality ||-|| < ||-||^, we deduce from (j4.60p that 

+ Co{£i)^+^ < 0. (4.64) 

at 

Solving this inequality directly and by ()2.29p again, we obtain that 

£i{t) <Co{l + t)-^'-^'\ (4.65) 

This gives ([23T]) for i = l. While for -s < ^ < 1, (fOT]) follows by the interpolation. □ 

Proof of (123nD-(IMI]) for s G (1/2,3/2). Notice that the arguments for the case s G [0,1/2] can 
not be applied to this case. However, observing that we have /o G L^Hx ^^'^ since L^H~^ n LIL^. C 
L'^H~^ for any s' G [0,,s], we then deduce from what we have proved for (j2.30p and (j2.3ip with 
s = 1/2 that the following decay result holds: 

||vV(i)f,<Co(l + t)-(^+^) for -1<£<1. (4.66) 

Hence, by (OBI) and (029]), we deduce from (OSll that for s G (1/2,3/2), 

||A-7(t)||'. < ||A-7o||'.+CjJ|*(||{I-P}/(r)||^ + ||/(r)||^^+i||V/(r)||^^2^) dr. 



<Co + Co [\l + r)-(^/2-s) < 
Jo 



(4.67) 



This proves (|2.30p for s G (1/2, 3/2). Now that we have proved (j4.67p . we may repeat the arguments 
leading to ([23T]) for s G [0, 1/2] to obtain (fOTjl for s G (1/2, 3/2). □ 
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Proof of (j2.32p . Applying the Gronwall inequality to (|4.4ip , by (j2.3ip with £ = 1 , we obtain 

||{I-P}/(t)||i. <e--*||{I-P}/o||i.+C re-'^°(*-^)||V/(r)||i. dr 

Jo 

< e-o* + Co r e-'^"(*--)(l + t)-(i+'^) dr ^^'^^^ 

Jo 

This gives I^MI- □ 

Proof of (j2.34p . Due to the estimates (|2.29p and ()4.42p , if we assume (|2.33p for a sufficiently small 
(5o > 0, then we have the estimates 

\\fmLlH^ + \\fit)L<S. (4.69) 
This allows us to use Lemma 14.41 in place of Lemma 14.31 to improve the estimate ()4.57p as 
d 



dt 



e+l<k<N 



<0 for£ = 0,...,iV-L 



(4.70) 



Then we interpolate by using Lemma I A. 5 1 as. 



L2 



e+s 



L2 



I e+s+1 
Il2 



This together with ()2.30p yields that there exists Co > such that for — s<^<A^ — 1, 



L2 



> c 



L2 



1 

^-'^^11^/+= > Co 



L2 



Hence, by ()4.72p and the trivial inequality |H|^2 < ||"IL> '^^ deduce from (|4.70p that 



di 



£i + Co{£i)^^^- < 1 for £ = 1, . . . , TV - 1. 



Solving this inequality directly and by ()2.29p again, we obtain that 

£e{t) < Co{l + t)-(^+'*) for £ = 1, . . . , iV - L 
Thus, by (|230D . (|i77D and the interpolation, we deduce (l23i]l . 



(4.71) 
(4.72) 

(4.73) 

(4.74) 

□ 



Proof of (|2.35p . The estimates (|4.69p allows us to have the estimates (|4.48p of Lemma 14.71 Hence, 
applying the Gronwall inequality to ()4.48p with k = 1, ■ ■ ■ , N — 2, hy (I2.34p with ^ = A: + 1, we 
obtain 



V'={I-P}/(t) ^ <e-'"«* V^'{I-P}/o ^ +C [ e-'"°(*-^) V'=+V(t 
L'^ Jo 

+ Co [ e-"°(*-"Hl + r)-(^'+i+^) dr 
Jo 



L2 



dr 



(4.75) 



< C7o(l + t)-('=+i+^) 



This proves (f^TH^ for £ = l,...,iV - 2. Which for -s < ^ < - 2, l^i:^ follows by the 
interpolation. The proof of Theorem 12.41 is completed. □ 
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Appendix A. Analytic tools 

A.l. Sobolev type inequalities. We will extensively use the Sobolev interpolation of the Gagliardo- 
Nirenberg inequality. 



Lemma A.l. Let < m,a < i, then we have 
where < ^ < 1 and a satisfy 



v7 



L2 



p 3 \2 3 J ^ 
Proof. This can be found in [25, pp. 125, THEOREM] 



+ '2-3 



(A.l) 



(A.2) 



□ 



For the Boltzmann equation, we shall use the corresponding Sobolev interpolation of the Gagliardo- 
Nirenberg inequality for the functions on Mi^ x M^^. 



Lemma A.2. Let < m, a < i. Let w{v) be any weight function of v, then we have 



< 



1-9 
2 



wWV^'fWl, dv 



w 



LI 



dv 



where < 6* < 1 and a satisfy 

Proof. For any function f{x,v), by Lemma lA. 11 we have 

l|v"/||^g<||v™/||i/||vV||V 



(A.3) 



(A.4) 



(A.5) 



Taking the square of (jA.SP and then multiplying by w{v), integrating over R.^, by Holder's inequality, 
we obtain 



^l|V"/||i.^i^< iw\\V^f\\l^^~'^\\v'f 

2(1-61) 

w-^ \\V^f\\L2 



26 
LI 



dv 



1 

W2 



1-6 



Ll 



26 



< U«^l|V"^/lb dv 



1 

UJ2 



dv 



(A.6) 



Ll 



26 



dv 



Taking the square root of (TO]) , we deduce (TO]) . 

We recall the following commutator estimate: 
Lemma A.3. Let m > 1 be an integer and define the commutator 

[V"^J]g = V"^{fg)-fV"^g. 

Then we have 

II[V™,/]5|Il2 < liv/ll^oc \\v^-'9\\l. + ||V"^/||^2 iblLoc . 

Proof. It can be proved by using Lemma fA.H see [211 PP- 98, Lemma 3.4] for instance. 



□ 



(A.7) 
(A.8) 



□ 
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A. 2. Negative Sobolev norms. We define the operator A^,s G M by 

A^/(^)= / (A.9) 

where / is the Fourier transform of /. We define the homogeneous Sobolev space of all / for 
which ll/ll^fs is finite, where 

ll/lli^. :=I|A7IIl^ = |||^I7||^,. (A.io) 

We will use the non-positive index s. For convenience, we will change the index to be "— s" with 
s > 0. We will employ the following special Sobolev interpolation: 



Lemma A.4. Let s > and £ > 0, then we have 



< 



L2 



L2 



A */||^2 ) where 6 



Proof. By the Parseval theorem, the definition of (lA.lOp and Holder's inequality, we have 



L2 



< 



L2 



„ 1- 



L2 



L2 



L2 



H- 



(A.ll) 



(A.12) 

□ 



For the Boltzmann equation, we shall use the corresponding Sobolev interpolation for the func- 



tions on X M;5- 



Lemma A. 5. Let s > and i > 0, then we have 



< 



L2 



L2 



A */||^2 ) where 6 



Proof. It follows by further taking the L^ norm of (jA.lip over M^. 



(A.13) 

□ 



If s G (0,3), A defined by (|A.9p is the Riesz potential. The Hardy-Littlewood-Sobolev 
theorem implies the following L^ inequality for the Riesz potential: 



Lemma A. 6. Let 0<s<3, 1 < p < q < oo, 1/q + s/3 = l/p, then 

||A-7|L, <II/IIlp- 

Proof See [291 PP- 119, Theorem 1]. 



(A.14) 

□ 



A. 3. Minkowski's inequality. In estimating the nonlinear terms for the Boltzmann equation, it 
is crucial to use the Minkowski's integral inequality to exchange the orders of integration over x 
and V. 



Lemma A. 7. Let 1 < p < oo. Let f be a measurable function on M.^ x M^, then we have 



\fiy,z)\dy] dz] < 



\f{y,z)\Pdz\ dy. 



In particular, for 1 < p < q < co, we have 



LlLl ^ II-/ II '-''f ' 



(A.15) 



(A.16) 



Proof. The inequality (1A.15P can be found in p9, pp. 271, A.l], hence it remains to prove (IA.16p . 
For q = oo, we have 



L-Lg = sup 



l/rdy) < ( / (snp\f\Y dv 



TV 1 oo 



(A.17) 
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For q < oo and hence 1 < q/p < oo, then by ()A.15p . we have 




(A.18) 



□ 

A. 4. Boltzmann collision operators. Now, we collect some useful estimates of the linear colli- 
sion operator. 

Lemma A. 8. {Lhi,h2) = {hi,Lh2), {Lh,h) > 0. And Lh = if and only if h = Fh. Moreover, 
there exist a constant ctq > such that 

{Lh,h)>ao\{I-P}h\l, (A.19) 

and 

{uLh,h) >^\uh\l-C\h\l. (A.20) 

Proof We refer to [IHl Lemma 3.2] for (1X19]) . and JTU\ Lemma 3.3] for (1X20]) . □ 

Next, we collect some useful estimates of the nonlinear collision operator. 
Lemma A. 9. There exists C > such that 

|(r(/li,/l2),/l3)| + Kr(/l2,/ll),/l3)| <Csnp{l^^h3}\h\2\h2\2. (A.21) 

V 

Moreover, for any < r] < 1, we have 

|l/-''r(/ll,/l2)|2 < C{|z.l-^/li|2|/l2|2 + W^"^h2\2\hl\2} ■ (A.22) 

Proof We refer to [3 Lemma 2.3] for ([Aln]) . and [32l Lemma 2.7] for (1X221) . □ 
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